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A numerica l  calculation is made which descr ibes  the conversion into a T - l aye r  of a finite 
per turbat ion in e lec t r ica l  conductivity imposed on a one-dimensional  supersonic  flow of a 
compress ib le  medium for a finite value of the magnetic Reynolds number. The development 
of the injected perturbat ion is significantly affected by the magnetic Reynolds number of the 
unperturbed flow, and to each value of this number there corresponds  a par t icu lar  boundary 
region in which the perturbat ion is ' t aken  up" by the magnetic field into an induced T- layer .  
The stability is investigated in the l inear  approximation for a minimal perturbation,  and the 
dispers ion equation is solved with allowance for gradients in the unperturbed pa ramete r s .  
It is shown that an overheating instability can ar ise  in the sys tem and lead to the formation 
of a T- l aye r .  

The f i rs t  calculations onthe  development of a per turbat ion into a T - l a y e r  (take-up) in a flow of weakly 
conducting gas, i.e., for an unperturbed magnetic Reynolds number 

tlm + = 4~(hUll  / c 2 (1) 

much less than unity, were made in [1]. In Eq. (1), cr I and U 1 are  the e lec t r ica l  conductivity and flow veloc-  
ity at the duct input and l is the length of the duct. It was found that the formation of a T - l a y e r  occurs  if 
the MttD interaction pa rame te r  S, corresponding to the pa rame te r s  of the injected perturbat ion and equal 
~o S =RmRH, is g rea te r  than some cr i t ica l  value S +. [Here R m is the magnetic Reynolds number, defined 
in contras t  to (1) over  the average pa rame te r s  in the perturbat ion and over  its length, and R H =H2/8~P is 
the ratio of the magnetic field p res su re  to the gasdynamic p re s su re  of the gas.] 

We are interested here in the stability of a flow of highly conducting gas in a magnetic field with 
R + > 1 against a t empera tu re  perturbat ion of finite and then of infinitesimally small  amplitude. We con- 
s ider  the one-dimensional  flow of a conducting, compress ib le  fluid in a magnetic field inside a cyl indrical  
duet. 

A numerica l  solution of the nonstat ionary equations of magnetohydrodynamics is obtained f rom the 
resul ts  in [2], and allowance is made for the singulari t ies used in [1]. 

We consider  the supersonic  flow of a gas consist ing of a mixture of dissociated hydrogen and a 1% 
ionizing addition of lithium. The flow expands along the radius of the channel perpendicular  to the magnetic 
field lines. The p a r a m e t e r s  at the input to the duct (the stagnation t empera tu re  T O and the stagnation p re s -  
sure P0) are  chosen such that the hydrogen is almost  completely dissociated. Because the amount of lithium 
is small ,  the gas can be considered as ideal [3] over  the range of pa rame te r s  used. 

The e lec t r ica l  conductivity ~ (p, T) is calculated f rom the equation for a par t ia l ly  ionized gas [4]. 
The neces sa ry  value of the effective collision c ros s  section for e lect rons  with neutral  hydrogen atoms Qea 
was taken f rom [5]. 

The following boundary conditions were used in integrating the system of equations. The gasdynamic 
p a r a m e t e r s  ( temperature  T1, density Pl, veloci ty  U 1 at the left boundary) are  taken to be constant and are  
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d e t e r m i n e d  f r o m  the  s t agna t ion  p a r a m e t e r s  T O and P0 at  the  input  to  the duct.  F o r  the  cond i t ion  on the 
m a g n e t i c  f i e l d  at  the  l e f t  b o u n d a r y ,  i t  i s  a s s u m e d  tha t  fo r  r < r 1 t h i s  f i e l d  does  not i n t e r a c t  wi th  the  gas ,  
i . e . ,  i t  i s  c o n s t a n t  in t h i s  r eg ion .  F r o m  the  i n t e g r a l  Maxwel l  e q u a t i o n s  and  O h m ' s  law,  we then  ob ta in  the  
b o u n d a r y  cond i t ion  a t  r = r  I f o r  t he  m a g n e t i c  induc t ion  equat ion .  The  f i e l d  at  the  r i gh t  b o u n d a r y  is  kep t  
c o n s t a n t  and  equa l  to  i t s  i n i t i a l  va lue .  

We a s s u m e  tha t  a t  the  i n i t i a l  i n s t an t  of t i m e  t =0 t h e r e  is  a f low with  a known p a r a m e t e r  d i s t r i b u t i o n  
i n s ide  the  duct :  

T -- T (r), p = p (r), U := U (r), t t  = H (r) 

Thi s  d i s t r i b u t i o n  was  found f r o m  a n u m e r i c a l  so lu t ion  of  the  s y s t e m  of o r d i n a r y  d i f f e r e n t i a l  equa t i ons  
of m a g n e t o h y d r o d y n a m i c s  d e s c r i b i n g  a o n e , d i m e n s i o n a l  s t a t i o n a r y  g a s  f low in a duct .  The  se t  of  s t a t i o n a r y  
s o u r c e s  fo r  v a r i o u s  v a l u e s  of the  m a g n e t i c  f i e ld  [F ig .  1 shows the  s t a t i o n a r y  d i s t r i b u t i o n s  of t e m p e r a t u r e  
(a) and  m a g n e t i c  f i e l d  (b) a long  a r ad ius ]  w a s  then  u s e d  to  p r o v i d e  the  i n i t i a l  da t a  f o r  the  c a l c u l a t i o n  of  the  
n o n s t a t i o n a r y  p r o b l e m .  In F ig .  l a ,  c u r v e s  1-5 c o r r e s p o n d  to  H / 1 0 0 0  = 7 . 7 5 ,  8 .79,  9.45, 10 .366 , and  11.65 Oe. 

A l o c a l  p e r t u r b a t i o n  in t e m p e r a t u r e  A T  1 i s  g iven  in t he  r e g i o n  r I < r < r 2 (F ig .  2). On the  one hand, 
the  subsequen t  evo lu t ion  of t h i s  p e r t u r b a t i o n  [1] i s  d e t e r m i n e d  by i t s  i n t e r a c t i o n  wi th  the  m a g n e t i c  f i e l d  and 
the  p r o d u c t i o n  of  J o u l e  hea t ing ,  and  on the  o the r ,  the  c y l i n d r i c a l  e x p a n s i o n  and the  h y d r o d y n a m i c  d i s p e r s i o n  

d e c r e a s e  t he  t e m p e r a t u r e  and,  hence ,  the  e l e c t r i c a l  conduc t iv i ty .  

If the  i n t e r a c t i o n  w i th  the  m a g n e t i c  f i e l d  p l a y s  the  l e a d i n g  r o l e ,  the  p e r t u r b a t i o n  i s  " t aken  up w and  

deve lops  into a T - l a y e r .  

It can be  shown tha t  t h e r m a l  conduc t i v i t y  and r a d i a t i o n  do not a f fec t  t h e  d e v e l o p m e n t  of  the  i n s t a b i l i t y  
fo r  the  g iven  gas  p a r a m e t e r s  s ince  the  amoun t  of  hea t  t r a n s f e r r e d  f r o m t h e  p e r t u r b a t i o n  by  c o n d u c t i v i t y  o r  
r a d i a t i o n  in one o s c i l l a t i o n  p e r i o d  is  much s m a l l e r  than  the p e r t u r b a t i o n  e n e r g y .  E s t i m a t e s  on the  b a s i s  of  
the  gas  p a r a m e t e r  v a l u e s  u s e d  show tha t  i t  i s  p o s s i b l e  to  ne g l e c t  the  e f fec t  of t h e r m a l  t r a n s p o r t  p r o c e s s e s  
on the  va lue  of  the  c r i t i c a l  i n t e r a c t i o n  p a r a m e t e r  S + p r o v i d e d  t ha t  the  t e m p e r a t u r e  and the  l eng th  of  t he  
p e r t u r b a t i o n  s a t i s f y  the  cond i t i ons  T ~_ 104~ X >- 1 ram. 
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Fig. 4 

In addition to a s ta t ionary source in the input region of the duct r 1 < r < r 2 with a size of ~ 0.2 t imes 
the total length of the duet l =1.1 m, a finite t empera tu re  perturbat ion was imposed in the calculations. At 
the initial instant of t ime t =0, an identical r ise  in t empera ture  AT 1 is assumed for all points of the pe r t u r -  
bation as shown for an arbiLrary t empera tu re  distribution in Fig. 2. The veloci ty and density retain their  
f o rmer  values.  

The behavior of this local per turbat ion introduced into gas flows of var ious  conductivities situated in 
a magnetic field was then investigated at subsequent moments  of t ime. The stagnation p re s su re  was P0 = 
50 atm and the flows were distinguished by stagnation t empera tu res  at the input of T O =8000, 7000, and 
6000~ These values cor responded to Rm+=4.78,  2.18, and 1. In each case different values were taken 
for the initial increase  in t empera tu re  AT 1 and the perturbat ion length X (i.e., we var ied  the value of R m 
calculated over  the length and t empera tu re  of the perturbation) for var ious  values of the magnetic field ob-  
tained f rom the calculation of a s ta t ionary source.  Thus, for  example, with Rm+=4.78,  and magnetic field 
H in the range 6092-11,650 Oe, the pa r ame te r  AT 1 was var ied  between 130-750~ corresponding to R m = 
0.634-1.22. For  each magnetic field and Rm + it is possible to find some cr i t ical  value Rm above which the 
injected local t empera tu re  perturbat ion develops into a T- layer .  

The resul ts  obtained for Rm+=4.78, 2.18, and 1 are most c lear ly  represented  in the fo rm of three  
boundary curves  (curves 1, 2, and 3 in Fig. 3) cons t ruc ted  in the dimensionless  perturbation coordinates 
R m - R H .  Curve 4 cor responds  to a value Rm+<< 1. Here R H =H2/8~P+ (H is the applied magnetic field and 
P+ is the p re s su re  averaged over  the perturbation).  The interaction pa rame te r  S =S + along these boundary 
curves.  A perturbat ion develops into a T - l a y e r  ff its pa rame te r s  Rm and R H define a point lying above the 
boundary curve S =S + and is attenuated ff this point lies below the curve. 

The position of the curves  for Rm + >- 1 can be explained by the different degree of interaction between 
the main flow and the magnetic field. For  one and the same value of the applied magnetic field H (or RH) , 
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a g rea te r  Rm + will cor respond to a g rea te r  expulsion of the magnetic field 
at the duct input with a s ta t ionary flow. Thus, in the calculation of the s ta -  
bility of this s ta t ionary flow, the actual value of the magnetic field H+ = 
H - H u  (Hu is the magnetic field f rom the cur rents  in the plasma) is 
smal le r  and for the perturbation to be taken up for a given H+, the value 
of Rm in the perturbat ion must  be increased.  

For  comparison with the resul ts  on the induction of a T - l a y e r  in a 
flow of a weakly conducting gas [1], Fig. 3 shows a single curve for all 
gas flows charac te r i zed  by Rm + << 1 (dashed line). This curve lies above 
all the boundary curves  we have considered here. This means that when 
Rm+<<l, a g rea te r  value of the interaction pa rame te r  S + is required  for 
the perturbation to be taken up. In a weakly conducting gas it is cha rac -  
t e r i s t i c  to have a unilateral  effect f rom the perturbat ion on to the gas flow, 

but when Rm + > 1 the flow in which the perturbation occurs  does in fact affect the development of the p e r -  
turbation. The e lec t r ic  cur ren ts  surrounding the p lasma add to the cur rents  in the perturbation and the 
interaction with the magnetic field is improved; for a par t icu la rper turba t ion  c h a r a c t e r i z e d b y R m ,  a smal le r  
value of S + is required  in a highly conducting gas than in a gas flow for which Rm + <<1. 

Another important  result  f rom this  analysis  of flow stability is that for every  Rm + > 1 there  is a c e r -  
tain high value of cr i t ical  magnetic field H* such that when H -  H* it is impossible to get a s tat ionary flow 
as t --* oo, even though no perturbat ion is injected [6]. For  R + = 4.78, the cr i t ical  value H* = 10,366 Oe and 
for Rm+=2.18 and 1 H* =13,700 and 20,000 Oe, respect ively.  The pa rame te r  distribution then cor responds  
to the development of a T- layer .  This is evidence of the fact that the presence  of dissipative p roces se s  
caused by Joule heating and the growing dependence of the conductivity on t empera tu re  lead, even in the ab- 
sence of a finite t empera tu re  perturbat ion AT 1 =0 (R m =0), not to the attenuation of small  perturbat ions,but  
to their  amplification and to a qualitative res t ruc tur ing  of the entire flow. This is i l lustrated in Fig. 4a -d  
by a T - l a y e r  which is gradually developing with t ime for Rm+= 4.78 and tt =11,650 Oe > H*. Curves 1, 2, 3, 
and4  re fe r  to t =0.2" 10 -5, 5" 10 -5, and 10 -4 sec.T 

In addition to considering the stability of a s tat ionary flow against f inite-amplitude perturbat ions,  we 
have also studied the react ion of the original state to infinitely small  perturbat ions (which can be produced 
by a wide var ie ty  of sources) .  An overheating instability can be produced by the fact that the conductivity 
depends s t rongly on the thermodynamic  flow p a r a m e t e r s .  The unperturbed pa rame te r s  depend on the radius 
and so In l inearizing the initial sys tem of equations we include gradients in the unperturbed pa rame te r s  
(this was not done in [7-9]). We seek the solution of the l inear ized sys tem in the fo rm 

exp i ( K x x  + K v y  - -  cot) (2) 

where K is the wave vec tor  and w the frequency of the oscillations.  

Using (2), we get f rom the initial sys tem the following dispersion equation: 

D (o), K ~ ,  K u )  = ] ai j{  = 0 

al l  = Uo' - -  i(o, alz = Po' + i p o K x  
ala : i poKv ,  ael : UoUo' + i K x P o  / po "~ 
a22 : poUo' + i(opo, a24 : i K x P o  / To 
a2~ : - - ] o  + i B o K x  / ~t, as1 : i K u P o  / Po 
aas : -:- i(opo, as4 : i K y P o  / po, a35 : i K u B o  / ~t 

a41 : CvoUoTo'  + PoUo '  / Po, a43 : i P o K u  
a4z : P o C r o T o ' +  i K x P o ,  a ~  : K~)~, --ipoC~,o(O 
a4~ : - -  2 i K x B o '  / %~2,  a~2 : i K x B o  -+- Bo '  

a53 = i K u B o ,  a~4 : ~Bo" / ~(~oTo 
a55 : - - i ( o  + Uo' + K 2 / ~t~o, a14 = an5 : a 2 a =  a32 : as1 = O, 

!~ = 0 1 n % / 0 1 n  To 

K s )~, = (fJ / 9~(~oTo) (Bo') 2 + PoUo'/Po 

(3) 

TAs in Russian orginal. Only three  values are  given for the four curves - Publ isher .  
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The subscr ip t  0 r e f e r s  to the unper tu rbed  flow p a r a m e t e r s  and the dashes denote d i f ferent ia ls  of the 
unper tu rbed  quanti t ies  with r e s pec t  to the radius;  J0 is the e l ec t r i c  cu r ren t  density,  B 0 is the magnet ic  induc- 
tion, ~ is the magnet ic  pe rmeab i l i ty ,  and Cv0 is the t h e r m a l  capaci ty.  

This  d i spers ion  equation is a f i f t h -o rde r  polynomial  in w. A n e c e s s a r y  condition for  the appearance  
of instabi l i ty  is that  

Imr 0 h ~ 0  (4) 

for  at l eas t  one of the f requencies  de te rmined  f r o m  (3) for  rea l  va lues  of K (the wavelength X ~ 1/K is given 
as equal to the counting in te rva l  in the p rob l em of the s tabi l i ty  of the or ig inal  flow against  finite p e r t u r b a -  
t ions).  The Inequality (4) is a n e c e s s a r y  condition; a sufficient  condition is that the ampli tude of the p e r t u r -  
bation should have sufficient t ime  to grow while it is inside the duet. This  l as t  condition can be wri t ten 

~ T ~ I (5) 

Here  T is a c h a r a c t e r i s t i c  t ime ,  equal in o rde r  of magnitude to T = l /V ,  where  V is the phase  veloci ty.  
Substituting into (5) the expres s ion  for  the growth ra t e  of an overheat ing  instabil i ty,  we get 

l t a h T .  V;~ (6) 
o)(~ ~ ]o2"~ / %poCvoTo : (%Uo2Bo ~ / p0C~,T0) -~- = Rm]~H ~ .). 0 itl ~0 Uol 

Expre s s ion  (6) can be rewr i t t en  
S ~- t~mR H ~ S + 

In o r d e r  to find the l imi t s  of s tabil i ty,  we have solved the d i spers ion  equation (3) numer i ca l ly  for  
s eve ra lpo in t s  in a duct with Ky =0. The mos t  dangerous point (maximum wi) is at the duct input where  the 
p a r a m e t e r  gradients  a re  la rge .  The c r i t i ca l  va lues  obtained for  the magnet ic  field a r e  shown in Fig. 5 and 
ag ree  with the r e su l t s  of the ana lys i s  of the s tabi l i ty  against  finite pe r tu rba t ions  as the per turba t ion  amp l i -  
tude tends to ze ro  ( A T t ~  0). The calculat ion of the c r i t i ca l  field values  was c a r r i e d  out by E. V. Kudrya -  
t seva .  

Figure  5 a lso  shows the var ia t ion  of the per tu rba t ion  ampli tude AT 1 with the magnet ic  field for  Rm+= 
1, 2.18, and 4.78 (curves  1, 2, and 3, respec t ive ly) .  

F r o m  our  ana lys i s  we can conclude that the overhea t ing  instabi l i ty  can undergo subsequent  nonl inear  
growth and become t r a n s f o r m e d  to the s tate  which has been cal led [1] a T - l a y e r .  

The authors  thank L. M. Degtyarev,  L. A. Zak lyaz 'minsk i i ,  and A. P. Favor sk i i  for  useful d iscuss ions  
and advice during the complet ion of this work.  
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